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Vertical Ascent to Geosynchronous Orbit
with Constrained Thrust Angle
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A discussion is presented about the overall payload ratio of a solid-rocket-booster-assisted laser propulsion
system for geosynchronous-Earth-orbit payload launch with thrust-angle constraint. A trajectory shaping method
is used for constructing the vertical ascent trajectory in the equatorial plane. There is a thrust angle under which
the payload ratio (ratio of final mass to initial mass) is to be maximized. This maximum payload can be obtained
only when the ground station can provide the required peak laser power. Now, if the peak laser power is limited
to a lower level, the payload ratio that can be obtained will also be lower. When the peak laser power that can be
provided is too low, the thrust-to-weight ratio will be less than one at the initial phase of the launch. To keep the
performance of the launching system, we include in the model a strap-on solid rocket booster to compensate the
system for thrust loss. It is found that the penalty can be reduced significantly.

Nomenclature

Ay = normal component of aerodynamic force, N

Ap = tangential component of aerodynamic force, N

A(t) = dV/dt, m/s’

a = sound speed, m/s

ao, a, a,, = coefficients of A(t) polynomial

Cp = drag coefficient

D = drag, N

D =D/m

g = Earth’s gravitational acceleration, m/s>

gr = gravitationalacceleration at the Earth’s surface,
m/s’

hg = characteristic altitude

I, = specific impulse, s

Iy, = specific impulse of laser propulsion system, s

Ly = specific impulse of solid rocket booster, S

(i, 1,) = unit vectors of circumferential-radiad coordinate
system

(i,,1,) = unit vectors of tangential-normalcoordinate
system

J = performance index

[ = effective path length through the atmosphere

M, = V,/a, relative Mach number

m = mass of vehicle, kg

m =m/m;

P = laser power, W

R = radius of the Earth, m

r = radial position of vehicle, m

S = reference area of vehicle, m?

T = thrust, N

T =T/m;

T, = thrust of laser propulsion system, N

T, =T/m;

T, = thrust of solid rocket booster, N

T&' = T&'/mi

t = times, S
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= operation time of solid rocket booster, s

speed of vehicle, m/s

= relative speed of vehicle with respect to the
atmosphere, m/s

= thrust angle

= inverse of atmospheric scale height, I/m

= flight-path angle

= atmospheric absorption coefficient

= efficiency of the laser system

= atmospheric absorption efficiency

atmospheric diffraction efficiency

= thrust efficiency

= longitude

= gravitational constant of the Earth, m?/s?

= atmospheric density, kg/m*

= Earth’s rotation rate
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I
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Subscripts
f =

i =

final condition
initial condition

Introduction

N Ref. 1 the idea of vertical ascent to geosynchronous Earth

orbit (GEO) was introduced. By vertical ascent the vehicle is
launched and propelled straight up and always stays directly above
the launching site. Hence, if the ascending trajectory is contained
in the equatorial plane, then the vehicle will stay at the GEO when
the GEO’s altitude is reached with no residual radial velocity com-
ponent. The main advantage of vertical ascent is that the advanced
propulsion systems, such as laser propulsion, can be used.”

In Refs. 3 and 4 investigationshave been given to the optimal tra-
jectory for vertical ascent to GEO. Two constraints were considered:
the thrustaccelerationconstraintis 2.5g, and the dynamic pressure
constraintis 30,000 N/m?. From the result the conclusion was made
that the vertical ascent is a very promising method of launching the
GEO satellite. More than 10% of the payloadratio (ratio of final mass
toinitialmass) was obtainedunderthe assumptionsthatenoughlaser
power can be provided from the ground station and that the specific
impulse /;, =1500 s can be achieved. For the currently used chem-
ical launch vehicle, the GEO payload capability is no more than
1%. In Ref. 4 we further analyzed the performance requirements of
a laser propulsion system. The following affecting factors and effi-
ciency parameters have been considered: atmospheric (expressed
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as transmission efficiency), laser-beam spreading (expressed as
diffractionefficiency), and thrusterefficiency. The peak laser power
required for Iy, =1500 s and m; = 10,000 kg is 4.5 GW.

In Ref. 5 the effect of laser-power limitation on the payload ratio
has been studied. The available peak laser power was reduced from
4.5 to 4 GW, then to 3.5 GW, and so forth. The purpose of this
paper is to investigate the effect of the thrust-angle constrainton the
payloadratio. We shall also consider a combined laser and chemical
propulsion system when there is a reduction in the available peak
laser power.6 A strap-on solid rocket booster (SRB) will be used.

Problem Formulation
Equations of Motion
Consider a launch vehicle treated as a point-mass model. The
spherical atmosphere is rotating along with the Earth. For flight in
the equatorial plane, the two-dimensional equations of motion are®

dr
— =Vsi 1
5 sin y (1a)
o Vv
& _ Loy (1b)
dr r
dav. T + A
—=&—gsiny+w2rsiny (1c)
dr m
Tsina+ A ?
d_)/= sina N_gcosy+Vcosy+2w+a)rcosy
dr mV \%4 r \%4
(1d)
d T
an_ (1e)
dr gRIsp

The calculation of the aerodynamic force is based on the relative
speed between the vehicle and the rotating atmosphere:

V =Vsiny (2)

The gravitational acceleration g can be expressed as g =pu/r2,
where the value of u for the Earth is given in Table 1 (Ref. 7). The
geometry of flight within the equatorial plane is shown in Fig. 1.
When the vehicle is launched and thrusted straight up and always
stays directly above the launching site, the particular trajectory is
called the vertical ascent. From Eq. (1b) we have the relation’®

d9 Vcosy
—_— s — )

5 )/ or 0 = ot 3)

where we have assumed that 6 =0. Consequently,the five equations
of motion in Eqs. (1) are reduced to three:

dv _ Tcosa+ Ay

- - — gsiny + &*rsiny (4a)
dr m
d_y _ Tsina+ Ay _gcosy + Vcosy om0+ @’r cos y
dr mV \%4 r
(4b)
d T
e (4¢)
dr gRIsp

Table1 Physical parameters of the Earth and vehicle

Parameter Value

6.378152 X 10° m
7.2921151 X 1075 rad/s
3.9859898 X 10'* m3/s?

9.7982035 m/s>

Radius of the Earth R

Angular rate of the Earth’s rotation o

Gravitational constant i

Gravitational acceleration at the Earth’s
surface gg

Circumferential speed at the Earth’s surface

Radius of GEO ry

Circumferential speed at GEO V;

Initial mass of vehicle m; 10,000 kg (Ref. 7)

Reference area of vehicle S 81.5 m? (Ref. 7)

Specific impulse of vehicle g, 1500s

4.6510219 X 10 m/s
42164121 X 10" m
3.0746562 X 10> m/s

Local
Horizon

N
AN
v ~ Local
Horizon

Fig. 1 Geometry of flight in the equatorial plane.

where r is obtained from the relation

r=Vcosylw (5)
Furthermore, the assumption is made that there is no lift control
and the only aerodynamicforce consideredis the drag. Referring to
Fig. 1, we have

Ari, + Ayiy =D = —Dsinyi, — D cos yi, 6)

The drag coefficient C, is a function of the relative Mach number®
defined as

M, =V,/a (7

Both p and a are functions of the radial distance r. In differential
form the atmospheric density can be expressed as

d
2L _pryar @®)

where B(r) is the inverse of the atmospheric scale height. ~
By defining the dimensionless mass /7 and the modified thrust 7'

and drag D as

T = T/m, N

m =m/m;, D =D/m; 9)

Eqgs. (4) become the modified form

dV Tcosa— Dsiny ) .
=— —gsiny + @ rsiny (10a)

ar in
i o ) 2
d_)/ _ T sinoe— Dcosy _ gcosy + V cosy o0+ °r cos y
dr mV \%4 r
(10b)
dm T
—_— = (10c)
dr gRIsp

The dimensionless mass has the initial value 72; =1, and its final
valueis the fraction of the initial mass that remains when the vehicle
arrives at the GEO. The acceleration caused by the thrust is

(thrust acceleration) = T/m =T /m (11)

A relation between the thrust magnitude and the thrust angle can
be derived by taking the time derivative of Eq. (5), and using the
differential relations in Egs. (1a) and (10a):

7 =4a)ﬁzV sin y (12)
cos(a + y)
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Parameterization and Trajectory Shaping
The performance index is the maximization of the final mass
with a given initial mass. It is equivalent to the maximization of

the payload or the minimization of the propellant consumption. We
have

J = maxrm, (13)

To solve atwo-pointboundary-valueproblem, there was a technique
in which the control was parameterizedas a polynomial function of
the normalized time.” In Ref. 4 we used the technique differently.
Instead of the control variable we parameterized the accelerationof
the vehicle, that is,

dv

— =A(t) =ag +ayt +ay*+--- (14)

The integration of Eq. (14) gives
V() — V(0) =apt + %altz + %a2t3 4. (15)

Therefore, it is also a technique of trajectory shaping with the ve-
hicle speed shaped as a polynomial function of the flight time. In
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terms of the parameters ao, a,, a, .
be expressed as®

.., the control variable T can

T =(1/cosa){Dsiny + m[A(t) + gsiny — oV siny cos y]}

(16)
The thrust angle can be calculated from the relation
cosy 4omV
tano = — - — - -
siny Dsiny + m[A(t) + gsiny — @V siny cosy]
)
Constraints

Two constraints have been considered previously: the maximum
thrust acceleration is constrained at 2.5g¢, and the maximum dy-
namic pressureis constrainedat 30,000 N/m? (Refs. 1-3). To satisfy
the two constraints, we have the following:

DIfT/m=T/m =2.5gg, then

T =2.5grm (18a)
4wV sin
cos(a+y) = Zorsmr (18b)
25g R
100
7 o, =110deg
(@eg)ey - == o,-105deg
o .=102.5deg
40
- O,,=100deg
20 - &, .=95deg
0 -
-20
-40 -
60 \
\
-80 \
\ i
-100 e T
-120 T T T T
0 500 1000 1500 2000 2500
time(s)
¢) Thrust angle
x1.0e6
¢ o )
------ o =
r ma=110deg
== - ®,~105deg l;\ )
40 _.=102.5deg i /
i :
— = Ol00deg T
=== 0,.~05dcg ! ’ ,
j
i
i
i
0 T T T T
o] 500 1000 1500 2000 2500
time(s)
d) Vehicle position

Fig. 2 State and control variable for o, = 110,105, 102.5, 100, and 95 deg, respectively.
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= 2nP
= 1)

2) If %sz >30,000, then

L (192)
Jpcos(a+ y)

sin(oc + 7) =(1/T)[D +mg + 1B(r)ymV?sin® y —4wmV cos 7/]
(19b)

In this paper one more constraint will be imposed—the thrust angle

constraint, that is,
3)If

|(X| =< Olpax » then |(Z| = Olmax (20)

Numerical Computation and Results

Efficiency of a Laser Propulsion System
Let the total efficiency of the laser propulsion system be denoted

by n. Its relation with the thrust, specific impulse, and laser power
can be expressed as'’

milspgR

Usually the total efficiency can be decomposed into three efficien-
cies: the thrusterefficiency 1, the atmosphericabsorptionefficiency
M., and the atmospheric diffraction efficiency 7,. In mathematical

form"'

N=1"u (22)

For vertical ascent the total efficiency of a laser propulsion system
can be expressed as>®

n=0.4e[1 = 4(h/ hy)*] (23)
where £ =1.25 X10™ m~! and hy =10% m.

Vertical Ascent Trajectories
For the problem of ground-to-orbitlaunch that we considered, the

laser propulsionsystem uses a large ground-fixed laser generatorto
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supply energy to heat an inert propellant in a rocket thruster on
the launch vehicle. The two potential advantages of such a system
are the simplicity of the thruster and the possibility of very high
specific impulse. The trajectory without thrust-angle constrainthad
been solved in Ref. 4 by using [, =1500 s and a linear function
of dV/dt. Other physical parameters of the Earth and vehicle are

listed in Table 1. For numerical computation the initial and final
conditions to be used are

(1, Vi 7io ;) = (0, 465.17304 m/s, 1 deg, 1) (24a)

(t;, Vi, vy, my) = (free, 3074.6562 m/s, 0 deg, max) (24b)
When two terms in Eq. (15) are considered, we have

at; — La,12 =2609.4832 (25)

The trajectories with different values of ay,,, have been solved
and presented in Fig. 2. The parameters ay, a;, and 7, are listed in

Table 2. Figure 3 shows that we have the global maximum 71 ; when
Oumay 18 specified at 102.5 deg.
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Fig. 4 State and control variables for oy, = 102.5 deg and Py, = 4.5, 4.0, 3.0, 2.0, and 1.0 GW, respectively.
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Fig. 4 State and control variables for o, = 102.5 deg and Py, = 4.5, 4.0, 3.0, 2.0, and 1.0 GW, respectively (continued).

SRB-Assisted Laser Propulsion System

SRB will be used to compensate the launching system for thrust
loss caused by maximum available laser-power limitation. The
specific impulse of the SRB is assumed to be 250 s. In this way
the total thrust will be the sum of the thrust generated by the laser
propulsion system and the thrust from the SRB:

T = Tl + T‘. (26)

or
T=T+T, (27)
Equation (10c) will be changed to the form
dm T T,
—_— - (28)
dr 8R Ispl 8r Isps

In Eq. (26) the total thrust is the required thrust control for the
trajectory shaping, and the laser propulsion thrust is dependent on
the available laser power. Thus we have

2nP

mllsplgR

T,=T - (29)

When the available maximum laser power is 4.5 GW, the total thrust
requiredcanbe providedby the laser propulsionsystem,and no SRB
is needed. Now, if the available maximum laser power is limited to
4.0 GW, an SRB must be strapped on for a certain time interval
at the starting phase of the flight. As shown in Table 3, the laser
power requiredis greater than 4.0 GW before# =18.1 s. Therefore,
the operation time of the SRB will be from 7 =0 to 18.1. The total
mass of the SRB is 174.73 kg, which consists of 148.52 kg (85%)
of propellantand 26.21 kg (15%) of structural mass. The structural
mass will be jettisoned when the SRB burns out. The final mass
obtained is 3010 kg and is 30.10% of the initial mass. This overall
payloadration is 2.22% lower than the maximum value of 32.32%.
The g constraintis 102.5 deg.

Secondly, we consider the two cases with the limitation of maxi-
mum laser power at 3.5 and 3.0 GW, respectively. In the case of the
3.5 GW limitation, we need an SRB to operate 21.4 s. The SRB has
a total mass of 363.3 kg, which consists of 308.8 kg of propellant
and 54.5 kg of structure. The overall payloadratiois 27.12%. In the
case of the 3.0 GW limitation, the required SRB has an operation
time of 26.3 s and a total mass of 554.98 kg. The overall payload
ratio obtainedis 23.93%, and the flight time is increased to 2793.1s.



70 HONG, HSU, AND CHERN

Table2 Thrust angle, ay, a;, flight time, and payload

a,deg  ag/9.8 aj ty mglm;, %
+125 130 —1.0198 X102 2323.1 19.58
+120 1.17  =9.4114x1073 2182.0  23.99
+115 1.09 —9.3639x1073 2002.8 27.01
+110 1.03  —9.1111x1073 1820.8 29.88
+105 094 —89588Xx1073 1716.8 31.94
+102.5 0.87 —8.1360%x1073 1723.2  32.32
+100 0.77 —6.7238x1073 1816.9 31.80
+95 0.58 —4.3019x1073 2113.6 29.63

Table3 Laser power, SRB mass, ay, a;, flight time, and payload ratio

Prax, SRB mass, my/my,
GW KG ts,s  apl9 ap t, s %

4.5 0 0 0.87 —8.1368x1073 1723.2 32.32
4.0 174.73 181 078 —6.5171%X107% 1930.6 30.10
3.5 363.30 214 066 —4.6550%X10"3 22885 27.12
3.0 554.98 263 054 =3.1198%x1073 2793.1 23.93
2.5 792.34 416 042 -—1.9012%x1073 35575 2036
2.0 1262.45 892 032 -—1.1192x1073 4586.3 16.57

1.5 2381.78 1950 025 —6.9545%X10"* 5736.3 12.48
1.0 4463.45  341.2 0.22 —5.4464x107% 6424.1 8.36
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Fig. 5 Overall payloadratio as a function of the laser power limitation
for oimax = 102.5 deg.

Further numerical computation has been done for maximum laser
power limited to 2.5, 2.0, 1.5, and 1.0 GW, respectively. The tra-
jectories are shown in Fig. 4. Finally, the overall payload ratio as a
function of the laser-powerlimitation for oy, =102.5 deg is shown
in Fig. 5.

Conclusions

Under the constraints of thrust angle, thrust acceleration, and
dynamic pressure,and the considerationof the laser propulsionsys-
tem efficiency, expressed as the product of the thrust efficiency, the
atmospheric absorption efficiency, and the atmospheric diffraction
efficiency, the thrust history for vertical ascent to GEO trajectory
shapinghasbeensolvedwith a givenspecificimpulse value. There is
aparticularthrust-angleconstraintat which the overall payloadratio
(the ratio of final mass to initial mass) has a global maximum value.
The maximum laser power is required at the initial time. When the
available maximum laser power is reduced, the performance index
is also reduced. A strap-on SRB is used to compensate the launch-
ing system for the thrust loss caused by the laser-power limitation.
Finally, the overall payload ratio as a function of the laser-power
limitation is presented, with the thrust-angle constraint fixed at the
best value.
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